
 
Homomorphisms Dt F l 6

When we talk about functions between groups it makes sense

to limit our scope to functions that preserve the group
operation morphisms in the category of groups More

precisely

Def let G and H be roups A function4 G H is

a homomorphism if x yoG 4 xy YG 4 y
nigftigplied multiplied

inH

Ex Consider the function 4 7 Dan defined
7

w addition

4 a ra ra moan

Then for a be 2 4 at b ratb ra r b 4 a 4 b
so it is a homomorphism

Ex Consider thefunction 4 Dr 442 defined

4 siri j

Is this a homomorphism

4 sr sr Tt 1 2 but

4 sr sr Y Srr's Y 1 J so it's het a homomorphism



Ex Define themap exp IR Rt by exp x e

W
Iddition multiplication

checkthat
thisis agroup

Then exp ty e T Eet exp a exp y so it's a homomorphism

In fact it's a bijection as well We have an inverse homomorphism

Iu Rt IR thenatural logarithm

Notice that thismeans Rt and 112 have the sameset of elements
renamed and the same exactgroup structure That is they
are isomorphic

Det An isomorphism ofgroups is a bijective homomorphism

If 4 G H is an isomorphism we say G and H are isomorphic
denoted GE H

Note that if G is any group the identity id G G is an

isomorphism butnot necessarily the only isomorphism G G

Ex Define 4 z z by
O 0
I 3
21 2
3 1

This is a nonidentity isomorphismin

In fact



Claim G an abeliangroup 4 G G defined 4 x X is an

isomorphism In fact if andonly if

Rf 4 xy xy x y
t 4614cg D

f
seeHW

Note If GEH then any property of G that depends only on

the group structure will alsohold for H e.g

1Gt IHI
G is abelian H abelian

x cG 1 1 14 x

G'EG 4 a E H

Ex The quaterniongroup Qr is defined

Qe El ti Ij Ik

where l a a I a V a c Q
C 1 C 1 C l a a C1 a b a cQs
i 2 j k I

i j k j k i k i j
j i k k j i i k j

Note that fit Hjl Hel 4 In particular no element hasorder8

so Qs x


